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Abstract 
A Mendelsohn triple system of order v is k-rotational if it has an automorphism consisting 
of a single fixed point and precisely k cycles of length (v - 1)/k. In this paper, we explore 
recursive constructions for rotational Mendelsohn triple systems which enable us to complete the 
existence problem of these systems. 
I. Introduction 
A cyclic triple T=(a ,b ,c )  contains the three ordered pairs (a,b), (b,c), and (c,a) 
(and hence (a, b, c) = (b, c, a) = (c, a, b)). In graph terminology, such a cyclic triple on 
elements a, b, c is a directed cycle on the vertices a, b, c. A Mendelsohn triple system 
of order v, briefly MTS(v), is a pair (V,~);  V is a v-set and ~ a collection of cyclic 
triples, called blocks, with the property that every ordered pair of elements of  V occurs 
in exactly one block. 
Mendelsohn triple systems were developed as generalizations of Steiner triple systems 
initially by Mendelsohn [9], who called them cyclic triple systems. The terminology 
'Mendelsohn triple systems' is due to Mathon and Rosa [8]. An MTS(v) exists if and 
only if v ~_ 0, 1 (mod 3) and v ¢ 6 [9]. 
A k-rotational permutation on a v-set V is one consisting of a single fixed point 
and precisely k cycles of  length (t, - 1)/k. A permutation 7r on V is an automor- 
phism of an MTS(v) (V,N) if 7r preserves the blocks, i.e. 7r(B)E:~ for each BC.~. 
An MTS(v) ( V, ~)  is k-rotational if it has a k-rotational automorphism. The existence 
of k-rotational MTS(v)s was investigated by Cho. 
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Lemma 1.1 (Cho [2]). There exists a 1-rotational MTS(v) i f  and only i f  v = 1,3,4 
(mod 6) and v ~ 10. 
Assume rc is a 1-rotational automorphism of an MTS(v). Then rc k is also an au- 
tomorphism of the MTS(v) for any integer k. Since rt k is a k-rotational permutation 
provided v = 1 (modk), any 1-rotational MTS(v) is also k-rotational if v = 1 (modk). 
Since a 3-rotational MTS(10) exists (see [2]), Lemma 1.1 yields: 
Corollary 1.2. A k-rotational MTS(v) exists whenever v = 1,3, 4 (mod 6) and v = 1 
(modk), except when k= 1 and v= 10. 
If v=0(mod6)  and v¢(6s -  1)(6t+ 1)+ 1 for any integers ,t, then v -  1 is prime; 
for these orders v, only (v -  1)-rotational MTS(v)s need be considered. However, 
a (v - 1)-rotational automorphism is the identity automorphism. Therefore, for the ex- 
istence of k-rotational MTS(v)s in general, the only remaining problem is to determine 
whether or not there is a (6s - 1 )- and (6t + 1 )-rotational MTS((6s - 1)(6t + 1) + 1 ) 
for s, t ~> 1. The purpose of this paper is to settle this and consequently obtain the 
spectrum of k-rotational MTS(v) for an arbitrary positive integer k. 
Rotational automorphisms have also been considered for many other designs. In par- 
ticular, the existence of k-rotational Steiner triple systems is determined in [4] using 
previous work in [1,7, 10], and that of k-rotational directed triple systems in [3]. 
2. A recursive construction 
In [4], recursive constructions are developed to determine the spectrum of k-rotational 
Steiner triple systems. These constructions perform recursion on k, the number of cycles 
in the rotational automorphism. In preparation for the recursive constructions, we in- 
troduce some relevant designs. A group divisible design (GDD) is a triple (V, aJ,~), 
where V is a finite set, f# a partition of V into subsets called groups and ~ a collec- 
tion of subsets called blocks, such that every pair of elements appears in exactly one 
block or in exactly one group. If  the size of each block in the GDD is in K, a set 
of integers, the GDD is a K-GDD. The type of the GDD is u, u2 u, gl 92 ""gr if the GDD 
has ui groups of size gi, for l<~i<<,r. In a {3}-GDD, each block {a,b,c} contains 
exactly the three (unordered) pairs {a,b), {b,c}, {c,a) and we require the uniqueness 
of a pair in a block or a group. If we treat each block to contain exactly the three or- 
dered pairs (a,b),(b,c) ,(c,a),  and require instead the uniqueness of the appearance of 
an ordered pairs, then one defines a Mendelsohn {3}-GDD. A Mendelsohn {3}-GDD 
is cyclic if it has an automorphism which permutes the elements in each group G in 
a ]GI-cycle. 
From each {3)-GDD (V, ~, ~)  one can construct an Mendelsohn {3)-GDD by con- 
verting each block {a,b ,c}c~ into two blocks (a,b,c) and (a,c,b). Therefore, the 
main result in [5] implies the existence of an important class of cyclic Mendelsohn 
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{3}-GDDs. We have the following further result; Z, denotes the residue class group 
modulo n and xi denotes the element (x, i)E Z,, x {i}. 
Lemma 2.1. / f  there is an MTS(v) and n is an odd integer, then there is a cyclic 
Mendelsohn {3}-GDD of  type n ~'. 
Proof. Let (V,M) be an MTS(v). We form the Mendelsohn {3}-GDD on Zn x V as fol- 
lows. Whenever (a, b, c) E ~,  we construct the blocks (0a, ib, (2i)c) for i = 0, 1 . . . . .  n - 1. 
These blocks, under the action Zn, tbrm the desired cyclic Mendelsohn {3}-GDD with 
groups Z~ x {a} (aE V). [] 
As an immediate consequence of this result and the existence of MTS(v)s, we 
obtain 
Theorem 2.2. There is a cyclic Mendelsohn {3}-GDD of  type n v whenever n is odd 
and v-0 ,  1 (mod3),v ¢6.  
Now let us switch our attention to the construction of rotational MTSs. For this, 
we have the following recursion. 
Theorem 2.3. Let k>>. 1,n~>0 be integers and X be a k-set. Let (X, fq, d )  be a GDD 
on X with group set f9 and block set d .  Suppose that there is a IGl-rotational 
MTS(IGIn + 1) fo r  each G E~,  and that there is a cyclic Mendelsohn {3}-GDD of  
type nlAI for each A E d .  Then there is a k-rotational MTS(kn + 1). 
Proof. We construct a k-rotational MTS(kn+ 1 ) on the point set (N x X)U {~c}, where 
N={1,2  .... ,n} and cx~ is a point not in N xX.  Denote an element ( i , x )EN xX  
by ix. 
For each group G Ef¢, we take a IGl-rotational MTS(IGIn + 1) on the point set 
(N x G) U {oc}, with the automorphism fixing the point oc and mapping an element 
ix to (i + 1 )x for i E N, x E G, where the arithmetic is modulo n. Let ~G denote the 
block set of this MTS(IGIn + 1). 
For each block A E sJ, we take a cyclic Mendelsohn {3}-GDD on the point set 
N x A, with groups N x {a} (a EA), such that the automorphism apping an element 
ia to (i + 1 ), for i E N, a E A, where the arithmetic is again modulo n. Let ~A denote 
the block set of this cyclic Mendelsohn {3}-GDD. 
Now set V=(N xX)U {oc}, ~=(UGEf~G)U(UAE,~I~A). Then (V,~) is the de- 
sired MTS(kn + 1). [] 
A parallel class of a BIBD(v,k, 1) (V,N) is a subset of the block set M which 
partitions V. The BIBD is resolvable if the set of blocks can be partitioned into par- 
allel classes. A Kirkman triple system of order v, briefly KTS(v), is a resolvable 
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BIBD(v, 3, 1 ). A KTS(v) exists if and only if v-= 3 (mod 6). An affine plane is a BIBD 
(v2, v, 1), where v is the order. It is known that every affine plane is resolvable; more- 
over, there is an affine plane of order v whenever v is a prime power. 
Theorem 2.4. Let k be an odd integer with k >~ 9. Then there exists a k-rotational 
MTS(kn + 1 ) i f  k and n satisfy one of  the following conditions: 
(i) k = 1 (mod 6) and n -= 3, 5 (mod 6), 
(ii) k_=3(mod6)  and n-  = 1 (mod2), 
(iii) k -= 5 (rood 6) and n = 1, 3 (rood 6). 
Proof. I f  k ~ 13, write k = (6s + 3) + t, where t C {0, 2, 4}. There is a KTS(6s + 3), 
which has 3s + 1 parallel classes of blocks. Take t of the parallel classes, and for each 
of them choose a new point and add it to each block of the parallel class. Now use one 
further parallel class, together with a group of t extra points, to form a {3, 4}-GDD of 
type 32s+1 t 1 . 
When k = 13, instead we start with an affine plane of order four. It has five parallel 
classes, each of which contains four blocks. Now take one parallel class to form groups, 
and delete three points from a block to get a {3, 4}-GDD of type 334 ~. 
We now apply Theorem 2.3 on these {3,4}-GDDs of type 32s+~t 1 to construct he 
required rotational MTS(kn + 1)s. Let n = 3, 5 (mod 6). Then by Corollary 1.2, there 
exist a 3-rotational MTS(3n + 1) and a 4-rotational MTS(4n + 1). Furthermore, there 
exist a cyclic Mendelsohn {3}-GDD of n 3 and one of type n 4 by Theorem 2.2. The 
existence of a k-rotational MTS(kn + 1) then follows from applying Theorem 2.3 on 
a {3,4}-GDD of type 32s+14 l, where k=(6s  + 3) + 4, s>~l. In a similar manner, 
Theorem 2.3 can be applied to prove the existence of a k-rotational MTS(kn + 1) 
when k, n are in each of the other two cases. [] 
3. Five and seven 
We deal with 5- and 7-rotational MTS(v)s in this section. The only orders are 
v = 5n + 1 where n _= 1 (mod 6) for 5-rotational, and v = 7n + 1 where n _= 5 (mod 6) 
for 7-rotational. We employ direct constructions which give the sets of base blocks of 
these systems. 
An automorphism it of an MTS(v) (V, ~)  (or an Mendelsohn GDD) yields a partition 
of ~ into equivalence classes called orbits of ~ such that two blocks BI,B2 are in the 
same orbit if and only if z~(Bi )=B2 for some integer ~. Any block in an orbit can 
fully determine the orbit in the sense that all the blocks in the orbit can be generated 
by successively applying the automorphism on the block. An arbitrary block in an orbit 
is therefore called a base block of this orbit. 
In the following two theorems, we prove the existence of a 5- and 7-ro- 
tational MTS(v) of the relevant orders. As usual, for k = 5 or 7, we take V= {oc} U 
(Zn x {1,2 . . . . .  k}) to be the set which the MTS(kn + 1) is based on. Furthermore, 
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we take 
7r=(oo)(0111...(n- 1 ) l ) . . . (0~lk . . . (n - l k )  
to be the k-rotational permutation under consideration. The proofs only include the 
base blocks of the systems. 
Theorem 3.1. i f  n = 1 (mod 6), then there is a 5-rotational MTS(5n + 1). 
Proof. Assume n =6t + 1, t>~ 1. The following is the set of base blocks of such 
a system. 
(l) 
(01 , ( l+r ) j , (3 t+2+2r) l )  rE{ l ,2  .. . . .  t - l} ,  
(Ot , (4 t+r ) l , (3 t - l+2r ) l )  rE{ l ,2  .. . . .  t}; 
(2) 
(Ol,r2,(2r)4) rE{ l ,2  .. . . .  6t}, 
(02,rl,(2r)4) rE{0,1 .. . . .  6t}\{3t}, 
(01,r3,(2r)5) rEC 0,1 ... . .  6t}\{3t÷ 1}, 
(01,r5,(2r)3) rc{1 ,2  .. . . .  6t}; 
(3) 
(02, r2, (2r)3) rE {1,2 .. . . .  6t}, 
(03,r3,(3t +2r)4) rC {1,2 .. . . .  6t}, 
(04, r4, (2r)5) rC{1,2 .... .  6t}, 
(05,r5,(2r)2) r E {1,2 .. . . .  6t}; 
(4) 
(01, (3t+l ) l , (3t+l )2) ,  (01, 11,15), (01,(3t)4,03), 
(0j,(3t + 1)3, 04), (03, 02, 05), (04,05,02), 
(0c, 01,(3t-  l)l), (0c,02,03), (00,05,04), 
(0c,03,(3t + 1)5), (oc,04, 12). [] 
For the construction of the 7-rotational MTS(7n + l) in the next theorem, we 
need the following structures. An m-near-Skolem sequence (or a hooked m-near- 
Skolem sequence, respectively) of order k is a sequence of k - 1 ordered pairs 
(a,.,br), where rE {1,2,...,k}\{m} (m<~k), which partition the set {1 ,2 , . . . ,2k -  2} 
(or {1,2 .. . . .  2k -  3 ,2k -  1}, respectively) and have the further property that 
br -a r  =r  for each r. 
Lemma 3.2 (Shalaby [11]). An m-near-Skolem sequence o f  order k exists i f  and 
only if 
k~0,  l(mod4) when m is odd, or 
k-=2,3(mod4) when m is even, 
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and a hooked m-near-Skolem sequence of  order k exists if  and only if 
k - 2, 3 (mod 4) when m is odd, or 
k-0 ,1 (mod4)  when m is even. 
Theorem 3.3. I f  n =- 5 (mod 6), then there is' a 7-rotational MTS(7n + 1 ). 
Proof. For our construction i the following, we make use of the blocks 
{1,2,4}, {2,3,5}, {3,4,6}, {4,5,7}, {5,6,1}, {6,7,2}, {7,1,3}. 
of a Steiner triple system of order seven on the set { 1,2,..., 7}, where Zn x { 1,2 . . . . .  7} 
is the set on which the system MTS(7n + 1) is constructed. Assume n =6t + 5 with 
t ~> 0. We first construct the following base blocks. 
(1) The base blocks of a 3-rotational MTS(3n + 1) on U=Zn x {7, 1,3} with ~lz, as 
the rotational automorphism. 
(2) The base blocks of a cyclic Mendelsohn {3}-GDD of type n 3 on each W8 =Zn x B 
with ~z] wB as the cyclic automorphism, where B takes {2, 3, 5}, {3, 4, 6}, {4, 5, 7} and 
{6,7,2}. 
Now assume t=0,3(mod4)  and t>~0. Then the set of base blocks of a 
7-rotational MTS(7n + 1) consists of the blocks in the above (1)-(2) and the 
following (3)-(5). 
(3) 
(Oi, r i , ( t+ l+br ) i )  rC{2,3 .. . . .  t+ l}  (when t~>3), 
(O i , ( t+ l+br ) i ,  ri) rE{2,3 .. . . .  t+ l}  (whent>~3), 
for each i=2,4,5,6, where (ar, b~) (rE{1,Z, . . . , t  + 1}\{1}) is a 1-near-Skolem 
sequence of order t + 1; 
(4) 
(01,r2,(2r)4) rE{1 ,2 , . . . ,6 t+4}\{3t+2},  
(0.,r4,(2r)2) rC{1,2 , . . . ,6 t  +4}\{3t  + 3}, 
(01,r5,(2r)6) rE {1,2 .. . . .  6t +4}\{3t + 2}, 
(01,r6, (2r)5) rE{1 ,2 , . . . ,6 t+4}\{3t+3};  
(5) 
(04,(6t+4)4,01), (01,(3t+3)4,04), (01,(3t+2)2,02), (02,12,01), 
(04,(3t+3)2,02), (02,(3t+2)4,04), (Oc, 02,(6t+4)2), (o%04,14), 
(06,(6t+4)6,01), (01,(3t+3)6,06), (01,(3t+2)5,05), (05,15,01), 
(06,(3t+3)5,05), (05,(3t+2)6,06), (oc,05,(6t+4)5), (O(3,06,16). 
Assume t=-l ,2(mod4). When t~>2, the set of base blocks of a 7-rotational 
MTS(7n + 1) consists of the blocks in the above (1)-(2) and the following (6)-(8). 
(Oi, ri,(t + 1 + br)i) 
(6) 
(Oi,(t + 1 + br)i, ri) 
rE{ l ,2  .. . . .  t + 1}\{3}, 
r C {1,2,... ,t + 1}\{3}; 
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for each i=  2, 4, 5, 6, where (ar, br) (r 6 { l, 2 . . . . .  t + 1}\{3}) is a hooked 3-near- 
Skolem sequence of order t + 1; 
(7) 
(01, r2, (2r)4) 
(Oi,r4,(2r)2) 
(01, r5, (2r)6) 
(Ol,r6, (2r)s) 
rE{ l ,2  .. . . .  6t + 4}\{3t + 1}, 
r 6 {1,2 .. . . .  6t + 4}\{3t + 4}, 
rC{1,2 .. . . .  6t +4}\{3t + 1}, 








(01,(3t + 4)6,06), 
(05,(3t÷1)6,06), 
(01,(3t + 1 )2,02), 
(OC, 02, (6t + 2)2), 
(01, (3t + 1)5, 05), 





Finally, the set of base blocks of a 7-rotational MTS(7(6t + 5) + 1) when t = 1, 
namely MTS(78), consists of the blocks in (1)-(2) and the following (9)-(11). 
(02,22,52), (02,42,12), (04,14,54), (04,34,14), 
(9) 
(Os,2s,5s), (05,45,1s), (06,16,56), (06,36,16); 
(lO) 
(01, r2, (2r)4) 
(01, r4, (2r)2) 
(01, rs, (2r)6) 
(01, r6, (2r)5) 
rC {1,2 . . . . .  10}\{4}, 
rE {1,2 .. . . .  10}\{6}, 
rE{ l ,2  .. . . .  10}\{4}, 
rC{1,2 .. . . .  10}\{6}; 
(11) 
(04,84,01), (01,64,04), (01,42,02), (02,12,01), 
(04,62,02), (02,44,04), (Oo, 02,92), (oo,04,24), 
(06,86,01), (01,66,06), (01,45,05), (05,15,01), 
(06,65,05), (05,46,06), (oc,05,9S), (00,06,26). [] 
4. Conclusion 
The existence of a (6s - 1 )-rotational and a (6t + 1 )-rotational MTS((6s - 1 )(6t + 
1 ) + 1 ) is now established for every s, t ~> 1. With Corollary 1.2 and the observation 
thereafter, a k-rotational MTS(v) exists whenever v and k satisfy the trivial necessary 
condition with the previously known exceptions for v when k = 1. To be precise, the 
proof of the following result is now completed: 
Theorem 4.1. There exists a k-rotational MTS(v) /f and only if v -0 ,  l(mod 3) and 
v~ 1 (modk), except when k= 1 and v-~0(mod6) or v= 10. 
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